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For the polynomials P,(x)=a; +a; x+ -+ +ayx' (of degree /) we consider the
problem of maximizing a weighted product of the absolute values of the highest
coefficients /79_, |a,|* among all polynomials £, .., P, for which the weighted sum
of squares 37_, §,P}(x) is bounded by 1 on the interval [ —1, 1]. By an applica-
tion of a duality result the solutions (depending on the weights f§,20) of these
problems are determined. The “optimal™ polynomials are the orthonormal polyno-
mials with respect to a probability measure minimizing a weighted product of
determinants of Hankel matrices (the solution of the dual problem). For a special
class of weights ff,, ... ff, the optimal polynomials can be represented in terms of
ultraspherical polynomials. Thus some new extremal properties are obtained for
these polynomials which generalize the well known fact that among all polynomials
P, of degree n with |P,(x)]<!l (on [—1,1]) the maximum of the highest
coeflicient is obtained for the Chebyshev polynomial of the first kind. The results
are iustrated in several examples. < 1994 Academic Press, Inc.

1. INTRODUCTION

Consider the well known Chebyshev polynomials

T

H

(x)=cos(n arc cos x)
and

U,(x)= sin((» + 1) arc cos x)

sin{arc cos x)

(xe[—1,1]) of the first and second kind which are the orthogonal

polynomials (with leading coefficients 2" ' and 2") with respect to the

measures (1 —x?) "2 dx and (1 — x?)""? dx, respectively (see, for example,

Szego [22, p. 60]). One of the most beatiful features of these polynomials

is that they are the solutions of many extremal problems involving polyno-

mials (see, e.g., Rivlin [12, p. 927 or Natanson [9, p. 50]). In this paper we
246

0021-9045/94 $6.00

Copyright © 1994 by Academic Press, Inc.
All rights of reproduction in any form reserved.



EXTREMAL PROPERTIES OF POLYNOMIALS 247

are interested in extremal problems involving the highest coefficients of
polynomials which satisfy a restriction in the sup-norm. More precisely, it
is well known (see, e.g., Karlin and Studden [7, p.310], [12, p. 93], or
[9., p.50]) that among all polynomials P,(x)=a,,+a,,x+ -+ +a,,x"
satisfying max, ., ,;1P,(x)| <1 the maximum of the highest coefficient
(1.e., the coefficient of x") is obtained for the Chebyshev polynomial of the
first kind (here the double index for the coefficients a,, of the polynomial
P, (x) is used to be consistent with later notation). Similarly, U, (x) maxi-
mizes the absolute value of the highest coefficient among all polynomials
P, satisfying max,_ |,/ 1 —x? 1P, (x){ <L

It is the purpose of this paper to consider some generalizations of the
above extremal problems. To this end let P, be the set of polynomials up
to degree ne N and let for /=0, ..., n P,(x)=a, 4+ a, x+ --- +a,x" denote
an arbitrary element of P,. For ne N we define the set

,7/3,:={(P1,..., P)eP x - xP,| max )Y B,P,Z(x)sl}, (1.1)

xef - l,l][:l

where ff,,.., f, are nonnegative (given) weights with sum 1. For
P (x)=a,,+a; x+ - +a,;x'eP, let m;(P,)=a, denote the coefficient of
x’ in the polynomial P,. We are asking for the solution of the problem

Sup { l—l "HI(PI)'ﬂ, I(Pl’ et Pn)e‘%l} (P)
=1

(if B,=0 we define |m,(P,)}* =1 for all P,eP, and do not consider the

polynomials of degree / in the set %,). In the same way we define

2, :={(Q0, e 0,)EPyx - xP,| max ](1—x2) i /?,Q,z(x)Ql}

xel[—-1.1 i=0

and we consider the extremal problem

sup {H Im (O 1(Qos ooos Qn)e"zn}' (Q)
=0

Extremal problems of the form (P) and (Q) appear in the geometric
solution of model robust design problems in linear regression models. Here
the coefficients of the polynomials P, .., P, in the set #, define a covering
halfspace to a convex subset of R™"* "2 and a function depending on these
coefficients has to be maximized over the set of all these covering halfspaces
(see Dette [3] for more details).
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Obviously, (P) and (Q) reduce to the classical extremal problems for
the Chebyshev polynomials of the first and second kind in the case
B,=1 and B,=0 if /<n—1. While the solution of these “original”
problems is more or less elementary (see [9, p.501) it is more com-
plicated to determine the maximizing “set” of polynomials for the
generalizations (P) and (Q). In Section 2 we will identify dual problems
(P*) and (Q¥*) corresponding to (P) and (Q) as minimization problems
for determinants of Hankel matrices in the set of all probability measures
on the interval [ —1,1]. A strong duality theorem is proved and the
solution of the dual problems (P*) and (Q¥*) (i.e., the minimizing prob-
ability measure £*) is determined in terms of canonical moments which
were used by Studden [19] for the solution of a generalized problem of
Chebyshev and by Lau and Studden [8] for the solution of Fejér's
problem. The maximizing polynomials in the problems (P) and (Q) are
then the orthonormal polynomials with respect to the probability
measure solving the corresponding dual problem. In Sections 3 and 4 we
consider “special” weight sequences {e.g., the uniform weights
B,= -+ =8,=1/n) for which the solutions of the problems (P*) and
(Q*) become more transparent. For these sequences the maximizing
polynomials are proportional to weighted sums of ultraspherical polyno-
mials and we can represent the solutions of (P) and (Q) in terms of
these classical polynomials. Some generalizations of the results are given
in Section 5. There we consider weights f,, .., f, where most of the f§,
are vanishing. Especially we show that among all polynomials £, (x) and
P, (x) of degree k and 2k satisfying (f,€(0,17)

(1 =B PHx)+ B, Py (x)< ] forall xe[—1,1]

the maximum value of the weighted product of the absolute values of the
highest coefficients |m, (P,)|! ™ [, (P)|"" is obtained for a linear and
quadratic polynomial in the kth Chebyshev polynomial of the first kind
T, (x). Some of the more complicated proofs of the results are given in
Appendixes A and B.

2. THE DuAL PrROBLEM AND ITS SOLUTION

Throughout this paper f}(x)= (1, x, .., x')’ e R’* ! will denote the vector
of monomials up to the order / (/=0, ..., n) and ¢ stands for a probability
measure on the interval [—1, 1] (or on its Borel field) with moments
¢;=f', x"d¢(x) (i=0). We introduce the well known “Hankel” matrices
(see, e.g., Karlin and Shapely [6, p. 56] or [7, p. 106])
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1
M@= [i(x) fi(x) di(x)
C(] C‘ R C’
_ Cy (&) o Cr (2.1)
Cr Copp oo Cay
Ma2(@)= ] fitx) fi(x)(1 = x) de(x)
Co—Co Cy—Cy Cr—Cry2
_ € —C3 €y —C4 AR R I (2.2)
C1—=Cipz Cryy—Crpa =0 Coyy—Copyo

and their corresponding determinants A,,(&)=det(M,(&)), A5, ,(E)=
det(M, ,(£)). For nonnegative weights f, with sum 1| and f,>0 we
consider the minimization problems

ée;:'},

” B
o ()
=1 = 2¢
ée?}

. 2o Ay(8) )ﬂ !
* inf —_—
Q% {,UO(A2,+2(5)

(do=4,=1), where Z (and F) denote the set of all probability measures
on the interval [ —1, 1] such that the matrices M,,(¢) (and M, ,(£)) are
nonsingular (=0, .., n). The essential step for the solution of the “primal”
problems (P) and (Q) is the following duality theorem whose proof is
complicated and therefore deferred to the Appendix.

THEOREM 2.1 (Duality). The problems (P*) and (Q*) are the dual
problems of (P) and (Q). More precisely, we have

max {H ImAPYPP (P s P,,)G%}

=1

. n Ay (EN
—inf ;ij__>
- {,H( 4(8)

max {ﬂ QN [(Qos o Q,,)e;z,,}

1=0

655}. (2.3)

éef}. (2.4)
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Moreover, if (P, .., P,Ye#, and {* € Z are solutions of the problems (P)
and (P*) we have

GMLNEN) filx),  I=1,..n (2.5)

where ¢, = (0, .., 0, 1) eR'* . If (Qy, ... 0,) € 2, and & € E are solutions of
the problems (Q) and (Q*) we have

0/(x)=+ My L (E*) fi(x),  1=0,.,n  (26)

1N Y i

The polynomials {P/(x)}]_, and {Q/(x)}]_ are the orthonormal polyno-
mials with respect to the measures d&*(x) and (1 — x2) dE*(x), respectively.

In the following we will show that there always exists a unique solution
of the dual problems (P*) and (Q*). The “unique” (up to the sign) solu-
tions of the primal problems (P) and (Q) can then be determined by
Theorem 2.1, (2.5) and (2.6). For this task we will need some basic facts of
the theory of canonical moments. We will give a brief introduction and
state some of the main results which are needed later. The interested reader
is referred to the work of Karlin and Shapely [6], Karlin and Studden
[71, Skibinsky [15-17], Studden [18-21], and Lau and Studden [8].

For a probability measure & on [ —1, 1] with moments ¢, = [' | x' d&(x)
the canonical moments are defined as follows. For a given set of moments
Co, €1, €;_ 7 let ¢7 denote the maximum of the ith moment |, x’dn(x)
over the set of all probability measures » having the given moments
Cos Cps - ¢, 1. Similarly let ¢, denote the corresponding minimum. The
canonical moments are defined by

Note that 0< p, <1 and that the canonical moments are left undefined
whenever ¢;" =c¢; . If i is the first index for which this equality holds, then
O<p, <1, k=1,.,i—-2, p,, must have the value 0 or 1 and the design
¢ is supported at a finite number of points. In this case £ is the “lower™ or
“upper principal representation” of its corresponding moment point
(coy - ¢;_ 1) (see [17, Sect. 17]). As an example consider the Jacobi measure
with density (1 —a)* (1 + x)” (x> —1, #> —1). For this measure we have
(see [16])

k b+ k
oy =, . g =—————, k=1L 2.7
P = B+ 2k + 1 P = By 2k (27)
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The uniform measure (a=f=0) has p,, ,=1/2 (k=1) and
P =k/(2k+1) and the arc-sine distribution has p,=1/2 for all k
(2= f = —1). The determinants 4,,(¢) and 4,,, ,(¢) appearing in the dual
problems can easily be expressed in terms of the canonical moments of the
probability measure & (see [17] or [20]).

THEOREM 2.2. Let & denote a probability measure with canonical
moments pl’p27""qj=1-pj (]21)9 C():L :"Ozlv ‘:1:/71: Y1=4,
Ci=q; 1P 7;=Pj-1q; (= 2). Then we have

!
4y (Z)=2%+D H (STRRTON LA

i=1

!
AZI(£)=2”1+“ H (‘}'Ei—fl"/'zi)1+l\j.

i=1
The minimization in (P*} and (Q*) can now be easily carried out in
terms of the canonical moments and we obtain the following result.
THEOREM 2.3. Let g,=37_, B, then we have the following:

(@) The solution {* of the dual problem (P*) is unique and has
canonical moments

1
pzi—l::E, I=1, ,
o,
= i=1, .01 (2.8)
i O+ 0,
p2n=]

(b) The solution &* of the dual problem (Q*) is unique and has
canonical moments

i=1,..n+1
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Proof. We give a proof of (a); the second case is treated in the same
way. Minimizing

Ay GG "
G R U]

=1 /=1 Ji=1

(here the last identity results from Theorem 2.2) in terms of the canonical
moments we obtain by straightforward algebra the moments in (2.8). The
fact that £* is the unique design with canonical moments (2.8) results from
pa=1(see [17]) 1

Theorem 2.3 provides essentially a complete solution of the dual
problems (P*) and (Q*) and the (unique) solutions of the primal problems
{P) and (Q) can be obtained by Theorem 2.1. Instead of applying the
formu]ds (2.5) and (2.6) directly, it is convenient to use the orthonormality
property of the polynomials {#,(x)};_, and {Q,(x)}]_, with respect to the
minimizing measures and the following lemma (see [20]).

LEMMA 2.4. Let & denote a probability measure on the interval [ —1, 1]

with canonical moments p,, py, ... &1 = Py, 1=41 C, G P V= P4
(/22, q,=1-—p,;) and let the polynomials P, and O, be defined recursively

~

by (P ;=0 =0, Py=0,=1)
Pro(x)=(x+1-2({y+ 500) Pi(x)
—405 1P (x) (/20)
Q;‘+ ()= (x+ 1 =25, 2+ 72,4 3)) Q/(x)
_47’2,'+1T2_/+2Q,' 1{x) {j=0)

The polvnomials {P,(x)}"_, and {0 (x)}"_, are orthogonal with respect to
the measures dZ(x) and (1 — x?) d&(x), respectively. Moreover, the Ly-norms
of the polynomials with respect to these measures are given by

! v
b, gp oy A2 o _ 45($)
|| P den =2 [1 8y \y=7 0 210
- Ao (E)
2 Y A = 2D T vl g 2242
| O =) dex) =2 0 ] sy 7y PR e

j=1

3. SoLuTIONS OF THE DuaL PROBLEM WITH SIMPLE STRUCTURE

For a general set of weights {f,} it seems to be difficult to identify the
underlying measure (i.e., the solution of the dual problem) corresponding
to an “optimal” set of canonical moments and to derive explicit expressions
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for the orthonormal polynomials with respect to these measures. In this
section we are considering a one-parameter class of weights which yields
explicit expressions for the solutions of the primal and dual problems
(P), (Q), (P*), and (Q*). To this end we define for z >0 the weights

I(n) [(n+z—1)
(n+z)I(n+1-1y

ﬁ,(z)z:r I=1, .., n (3.1)

for the extremal problem (P) and

o I'm+\YIn+z—-10) _
b = T rmr oy (S0 (3:2)

for the problem (Q). Here I'(z) denotes the gamma-function and the case
z =0 is understood as the limit lim_ _ ,(80(2), .., 8,(z))=(0, .., 0, 1). Using
the identity (ne Ny, ze R\ {0, —1, =2, ..})

e fn+z=1) I'ln+z—i+1)1

S Tn+1=1) Tn—i+1) (3.3)

(which follows by an induction argument) it can easily be shown that
3, B/(z)=1. Note that the class defined by (3.1) (and (3.2)) includes the
important case of uniform weights f§,=1/n (f,=1/(n+ 1)} which is
obtained for the case z=1. By Theorem 2.3 we have that the solution ¢*
of the dual problem (P*) is characterized by the canonical moments
Paio1=1/2(i=1, .., n), p,,=1, and

_ o, _ n—i+:z
T o404 2n—i)

Pai i=1,.,n—1, (3.4)

where the last identity follows again from (3.3) and straightforward
algebra. Similarly the canonical moments of the solution £* of (Q*) are
given by p,, =12 (i=1,..,0+1), p3,.,=0, and

o n—i+1
= : = , =1, .., 1 35
Pai 6, 1+06;, z+2(n—i+1) ! " (3:3)

In these cases an explicit representation of the minimizing measures
in the dual problems is possible and was obtained by Dette [2]. In what
follows C{*'(x) denotes the nth ultraspherical polynomial orthogonal
with respect to the measure (1—x?)*"'?dx with leading coefficient
2'Moa+n)/ IM(n+ 1) (o) (see [22, p.93]).
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TueoreM 3.1. (a) The solution * of the dual problem (P*) for the
weights B,(z) defined by (3.1) is supported at the zeros of the polynomial
(1 —=x?) C2 " V(x) and the masses at all interior support points are equal to

1/(n+ z). The masses at the boundary points + 1 are equal to (z+ 1)/2 times
the masses at the interior points.

(b) The solution £* of the dual problem (Q*) for the neights B/(2)
defined by (3.2) puts equal masses at the zeros of the polynomial C'77{(x).

The simple form of the solutions of the dual problems suggests that it is
also possible to obtain explicit representations for the solutions of the
primal problems (P) and (Q) if the weights are defined by (3.1) and (3.2),
respectively. By Theorem 2.1 the maximizing polynomials are orthonormal
with respect to the measures d*(x) and (1 — x2) dé*(x). The following
result shows that these polynomials are weighted sums of ultraspherical
polynomials.

THEOREM 3.2. (a) The solution (P,, .., P,) of the primal problem (P)
Sfor the weights defined in (3.1) is given by

42 |

Pi(x)=toanl z)- Z (= 1) Pn, 1, z, j) CFR" 17 0(x), I=1,..,n

(b) The solution (Qy, ..., Q,) of the primal problem (Q) for the weights
defined in (3.2) is given by
Li2)
Qix)=taln+ LI+ 1L,2)- Y (=1 yn 2, j) CEA" 170 D),

i=0

(=0, ..,n.

Here the numbers a(n,l,z), B(n, 1,z j), »nl z,j) are defined by
a(n,0,2)=B(n,0,2,0)=7(n,0,2,0)=1 and

z4+2(n—1 12
[F(n)F(n+z)F(iz~l+z)F(n—l+IJ

aln, 1, ji=

I'l—j)yI'in—=Il+z+j)(n—1+j)
TG+ D[z+2(n—1+ /)]

ﬂ(ﬂ, 19 Z,j)= [.]:+l(n_l+j)]

ri+1—j)

In—I{+;j+VIn—I1+z4+))
s m—I+j+HIn~1+z4+j)

wn, 1z, jy=
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Proof. We will give a detailed proof of part (b) and sketch the main
steps of the proof of (a) very briefly. For simplification of the notation we
introduce the continuants

(all other elements in the matrix are 0) which have various applications in
the theory of continued fractions (see, e.g., Wall [23]). By Lemma 2.4 the
orthogonal polynomials with respect to the measure (1 — x?) d*(x) with
leading coefficient 1 are recursively given by (J,(x)=1, 0, (x)=x)

0,(x)=0,_ 1(x)= py_21920,_>(x), 1z22, (3.6)

where the canonical moments p,, are defined by (3.5) (note that the canoni-
cal moments of odd order of £* are 1/2) and it can easily be checked that
the polynomials ,(x) can also be written as the continuant (/> 2)

B nn—1+z)
0,(x)=K (z+2n)(z+2(n—-1))
X X

B (n—=1+2)n—I1+z+1)
(z+2n—=I1+ 1) z+2(n—-1+2))
X X

To obtain an explicit representation of Q,(x) in terms of ultraspherical
polynomials we need the following lemma whose proof is deferred to
Appendix B.

LEMMA 3.3. Let k23, w+2a> —3. Then the polynomial

B (k=2+a)k—14+a+w)
Glm(x)=K w+2k—=2+a))w+2(k—1+a))

B (a+ D)(a+2+w)
(w4 2(a+ 1))(w+2(a+2))
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(G (x)=1, G'\“"(x) = x) is given by
I'({w+2)2+a) (k)
I(w2+a+k)
Lk - 1)2) T . Il (4
< Y (=1 tat)j) Iwrat+l+))
=0 Fa)yI'(j+1) TIw+a+1)

Ftk—j) u.?+1+u+/)
T O

G(u n}( ) 2 (k-

Using Lemma 2.4 and (3.5) it follows by straightforward calculations for
the L,-norms of the orthogonal polynomials J,(x) with respect to the
measure (1 — x?) df*(x) that

1+1

5i=] Ot —x)dex) =TT py-aa

=1
B In+ O IMn+z+1) [F(:/2+1+n—1)]2
T T+l =0 Tn—l+2)z+2m—0)| I'(z2+n+1)2

Thus we obtain from Lemma 33 (a=n—{+1, k={+1, w=z-12) for the
orthonormal polynomials with respect to the measure (1 — x?) dé*(x)

IQI

(Y)

l

Qix)=

L2
=an+ L I+1,2) Y (=1 pn 2, ) CEZF7 14 0 (x)

j=0

(/=0, .., n) which completes the proof of part (b). For the proof of (a) we
remark that by Lemma 2.4 and (3.4) the orthogonal polynomials P,(x)
with respect to the measure d*(x) can be written as (Po(x)=1, P, (x)=x)

_on—1+z (n—1)n—2+z)
Px)=K z4+2(n—-1) (4+2n—=1))z+2(r—=-2))

B (n—I+1+z)n-1+2)
(z+2(n—I1+ 1))z +2(n—1+2))
X X

n—1+:z

— (i IHs
Gy )= 5nTn

Gt[n il+ Iz 2)(.\_),
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where in the last step we have used an expansion of the determinant and
the definition of the polynomials Gi*")(x). The L,-norms of the polyno-
mials P,(x) with respect to the measure d{*(x) are given by

I'(n)Mn+r:)
I'n—=I+:)I'(n—1+1)z+2(n—-10)

y [F(2/2 +1 +n—1)]2
I(z2+n)2" !

1 —~—
IRGECE

and the assertion (a) of Theorem 3.2 now follows from Lemma 3.3 and
straightforward but tedious algebra. |

ExaMmpPLE 3.4. In the case z=0 we have for the weights f,(0)=1,
$,(0)=0 if /ISn—1 and we obtain the extremal problems for the
Cheybshev polynomials described in the Introduction. In this case the
canonical moments in (3.4) and (3.5} are all 1/2 and the corresponding
probability measure is the discrete arc-sine distribution. Taking the limit
z—0 it can easily be shown that the polynomials P,(x) and Q,(x) of
Theorem 3.2 reduce to the Chebyshev polynomials 7,(x) and U,(x),
respectively.

ExampLE 3.5. Taking z =1 we obtain that all weights 3, in the extremal
problems (P) and (Q) are equal. If =3 the problem (P) is to maximize
the product of the absolute values of the highest coefficients [1;_, (m,(P,)]
where the polynomials P, (of degree /) satisfy

PXx)+ P2(x)+ Pix)<3  forall xe[—1,1]

By an application of Theorem 3.2(a) it is now straightforward to show that
this product is maximized for the polynomials

3 5 3 5 - 13
Pl(x}=\/;x, Pz(x)=§(xz—§), P;(-¥)=§\/3<-\'3—T§X>

and it follows from Theorem 2.1 and Theorem 3.1(a) that these polyno-
mials are the orthonormal polynomials with respect to the measure &*
which puts equal masses at the points —1, —1/./5, l/V/E, and 1 (the zeros
of (1 —x?) C¥?(x)). This measure is the solution of the D-optimal design
problem for the cubic regression model (see [7, p. 3397). In the same way
we have by Theorem 3.2(b) that under the restriction

(1 =x?)[Q3(x)+ Q3(x)+ QXHx)+ Q3 (x)] <4 forall xe[—1,1]
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the product T];_, |m,(Q,)| is maximized for the polynomials

1 0,(x) =13

Q()(x)=—2‘, 6 X,
3530 9 _los/
QZ(":):T('” —§§)’ AT (x T Y)

4, AN EXTREMAL PROPERTY OF THE ULTRASPHERICAL POLYNOMIALS

In Section 3 we investigated weights f§, which yield solutions of the dual
problems (P*) and (Q*) with a very simple structure. The solutions of the
primal problems are more complicated (see Theorems 3.1 and 3.2). In this
section we will aim for a simple structure of the solutions of the primal
problems (P) and (Q). We will investigate a class of weights which yield
the ultraspherical polynomials as extremal polynomials. To this end define.

T+ 1) rRa+1)

if 0</<n—1
= B T 21 2) i 0s/<n )
"E P ) rQas 1) . '
In+2a+1) o

where a 2 0. Then we have the following theorem.

THEOREM 4.1.  Let 220 and f§,(x) be defined by (4.1). Among all polyno-
mials Qu(x), ..., Q,.(x) (of degree O, ..., n) satisfying

2

'Z (I+a+1)Q,(x)VP+[(Qu+n+ l)Q,,(x)]z} <1

/=0

(1 —xz){4oc

Jor all xe[ —1,1], the “weighted” product of the absolute values of the
highest coefficients TTI_, |m Q)" is maximized for the polynomials
{proportional to the ultraspherical polynomials) Q,(x)=BQ2a+1,{+1)
C',1+1)(X).

Proof. We consider the extremal problem (Q) for the weights f§,(x)
defined by (4.1). By Theorem 2.3 the solution &* of the dual problem (Q*)
has canonical moments p,, ;=1/2 {{=1,.,n+1), p,,,.,=0, and

a,; 1
o, +o, 2(+a)

Pxr=
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where the last identity follows by induction and from the representation
0,_1=PB:_1(42/(g2~ p>;)) (this is an immediate consequence of (2.9)).
From Theorem 2.1 we have that the maximizing polynomials are
orthogonal with respect to the measure (1 — x?)dEé*(x). Because the
canonical moments of £* coincide with the first 2n+ 1 canonical moments
of the Jacobi measure in (2.7) («=f=a~— 1/2) the polynomials Q,(x) are
proportional to the ultraspherical polynomials C{**'(x). Comparing the
leading coeflicients of these polynomials we obtain

s U+ T2+ 1)
(@) =250

(I+a+ 1)(CETV(x)),

{(=0,.,n—-1

I'n+ 1) I2a+1)

{x+ 1} 2
T 322 (Cr D%

(Q,(x)*=

and the assertion now follows by a simple transformation of the
normalizing condition in the extremal problem (Q). |

ExampLE 4.2. For a=0 we obtain the extremal property of the
Chebyshev polynomials of the second kind described in the Introduction
(note that C"(x)=U,(x)). To give a “non-trivial” example we consider
the case o =1/2. Then it follows that among all polynomials satisfying

(1—x2){"i (2l+3)Q,2(x)+[(n+2)Q,,(X)]Z}
~0

J=

<1 forall xe[~1,1]

the weighted product of the absolute values of the highest coefficients

n—1

TT 1@+ 1020 i, () 107+

=0
is maximized for the polynomials [(/+ 1)(/+2)] ' CV¥?(x) (=0, .., n).

Note that Theorem 4.1 shows that the ultraspherical polynomials C{*(x)
satisfy an extremal property whenever a > 1. In a similar way we can derive
an analogous result (using the primal problem (P)) for the case
—1/2<a<0. Its proof is performed in the same way as the proof of
Theorem 4.1 and therefore omitted.

640,76,2-9
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THEOREM 4.3. Let — 12 <a<0 and

Y (I + 2x)
I'ii+ 1Y I'2a+1)
I'(n+2a)
I'in) 'R+ 1)

if 1<i<n—1

Bi(x)=
if [=n

Among all polynomials P,(x), .., P,(x) of degree 1, .., n satisfying

n—1
4y Z 1;‘-205

i=1

Pix)+ Pi(x)<

Jor all xe[—1, 1], the “weighted” product of the absolute values of the
highest coefficients TTi_, Im,(P)"™ is maximized for the polynomials
{( proportional to the ultraspherical polynomials) P,(x) = ({/2x) C{(x).

Remark 4.4. Note that the restrictions in Theorems 4.l and 4.3 can
easily be transformed in such a way that the extremal polynomials are
exactly the ultraspherical polynomials. Thus these theorems give extremal
properties for the ultraspherical polynomials C!®(x) provided that the
parameter o is nonnegative (Theorem 4.1) or nonpositive (Theorem 4.3).
This results from the fact that the weights in the extremal problems (P) and
(Q) have to be nonnegative. For negative weights f, the duality in
Theorem 2.1 does not hold any longer and thus Theorem 4.2 and
Theorem 4.3 are not true if <0 or x>0, respectively. In these cases
counterexamples can easily be constructed.

5. GENERALIZATIONS

In this section we will consider weights §,, .. f, in the extremal
problems (P) and (Q) where most of these weights f, are vanishing. More
precisely, for n=kr (k, re N} we will consider weights of the form

=Br>0  if j=kli=1,..r
ﬁf{::o else 1)
for the primal problem (P) and weights of the form
=p¥=0 if j=k(I+1)—1,1=0,..,r
B’{::o else (52)
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for the primal problem (Q) (X, 8,=3, B/ =1). For example, if ke N and
r=2 the problem (P} for the weights in (5.1) is to maximize the product
of the absolute values of the highest coefficients |m, (P )}~ # lmy, (Py)I*
of two polynomials P, and P, of degree k and 2k subject to the
restriction

(1—B) PX(x)+ BPL(x)<1  forall xe[—1,1] (5.3)

((Bys B2y B4, B4)=1(0, BE, 0, B¥)=:(0, 1 — 3,0, §)). The following theorem
shows that the solution of this problem is given by P,(T,(x)) and
P,(T,(x)) where P, and P, are the linear and quadratic polynomials
maximizing the corresponding product subject to the restriction

(1=B)PI(x)+ pPi(x)< forall xe[—1,1]

and T,(x) is the kth Chebyshev polynomial of the first kind.

THEOREM 5.1. (a) The maximizing polynomials in the problem (P} for
the weights B, defined by (5.1} are given by {PX¥(T,(x))},_, where the
polynomials {P¥(x)},_, are the solution of the primal problem (P) for the
weights B¥, .., B¥ (n=r).

(b) The maximizing polynomials in the problem (Q) for the weights f3,
defined by (5.2) are given by {U, (x) QX T (x))};_, where the polyno-
mials {Q¥(x)},_, are the solution of the primal problem (Q) for the weights

BO»-' B* n"‘r)

Proof. We will give a proof for (b); the other part is treated in the
same way. Because the case k =1 is trivial we assume k > 2 throughout this
proof. By an application of Theorem 2.3 we obtain for the canonical
moments of the solution £} of the dual problem (Q*) for the weights B,
defined by (5.2)

o s ;
Pu;= e =p3, j=1,..,r
p,-=%, P<2k(r+1)—1,i#2kj (5.4)
Pauir1)=0,
where o f :=0,;= hr o Bi=217_;BF By Theorem 2.1 we have to calculate

the orthogonal polynomials @, _ (x), @y (x),.. with respect to the
measure (1 —x )dé (x) (with leading coefficient 1) which are given by
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N _:l ;l —Pu—2 —Yqru-2 :_1_
Qu_1(x})=K 4 4 2 2 4
X X X
—L —pr —gr -1 ~ 1
4 2 2 4 T4
X X X

Interpreting Q,,_,(x) as the polynomial in the denominator of a continued
fraction we obtain by a contraction (such that the convergents of the trans-
formed continued fractions attain successively the values of the (k — 1)st,
(2k — 1)st, ... convergents of the original one (see Perron [10, Band II,

pp- 11-12])

0 (Y):K(—a"’Uk,(x)q’z", 2P% 4 ~612‘]5'774173“1/—6
et @’T(x) U, (x) aT,(x)
—a’qf p¥
aly(x)
NG
:<5) Up_1(x)
_K(—Q’zkthnga ~q% _aP% 6 - _QJ‘P;)
T (x) T, (x) o Tilx)

1 (k- 1)/
:<5) Ui (x)-QF (T (x)).

Here we have used the notation a = (1/2)* !, the recursive definition (see
(3.6)) of the polynomials {QF}]_, (QF(x)=1, QF(x)=1x)

OF 1 (X)=x0Mx)— g%, .p50QF 1 (x), =21, (5.5)
and have applied the representation for the Chebyshev polynomials of the

second kind

Udx)=2"-K 4 TG

Observing (5.4), (5.5), (29), Theorem 2.3, and Lemma 2.4 we see that
the polynomials Q7 are orthogonal with respect to the measure
(1—x?) df}(x) where £} is the solution of the dual problem (Q*) for the
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weights 8%, ..., B¥ (n=r). The assertion of the theorem now follows from
Theorem 2.1 by a calculation of the normalizing constants (using
Lemma 2.4) which transform the polynomials @,,_,(x) and @} ,(x) into
the orthonormal polynomials with respect to the measures (1 — x*) d¢ F(x)
and (1 —x?)déx(x). &

COROLLARY 5.2. Let keN and fe(0,1].

(a) Among all polynomials P, (x) and Py (x) (of degree k and 2k)
satisfying (5.3) the product of the highest coefficients |m,(P.)|' "
| (P WP is maximized for the polynomials

Pu(x)= 2 J1+BT(x) and  Py(x)=£—=[(1+f) Ti(x)~1].

Sl-

(b) Among all polynomials Q,_,(x) and Q-  (x) (of degree k—1
and 2k — 1) satisfying

(1= [I=FY Qi 1 +BQ5% 1 (x)IST Jorall xe[—1,1]

the product of the highest coefficients |m, _ ((Qr D' P ima 1 (Qoc_ DI P is
maximized for the polynomials

1
O 1 (x)=J/1+p U (x) and szl(-V)zi;j-j“gUzk~1(x)-

Proof. We will give a proof of (a); part (b) is treated in the same way.
By Theorem 5.1 we have to solve the problem (P) for n=r =2 and a linear
and quadratic polynomial. The canonical moments of the solution of the
dual problem are obtained from (2.8) as p,=p;=1/2, p,=1, and
p>=1/(1+ p) and the assertion now follows directly from Theorem 2.1,
Lemma 2.4, and Theorem 5.1. |

Remark 5.3. Note that Theorem 5.1 yields some interesting results
generalizing the theorems of Sections 3 and 4. To give an example we con-
sider the problem (P) for the weights #; defined by (5.1) where the weights
B¥ in (5.1) are given by (3.1). In this case it follows from Theorem 5.1 that
the maximizing polynomials have the representation

Li2] )
Pkl(x)= id(ﬂ, 1’ Z)' 2 (—1) ! ﬁ(", 19 Z,j)

Jj=0

LCEANT(x)), I=1n,
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where the numbers «(-) and B(-) are defined as in Theorem 3.2. A similar
result can also be obtained for the solution of the dual problem (P*) (see
Theorem 3.1(a)).

APPENDIX A: ProOOF OF THEOREM 2.1

ExampLE. The proof of Theorem 2.1 involves general arguments of
convex analysis as given in Roberts and Varberg [13] or Rockafellar [14].
For a better understanding of the difficult and technical proof of the
duality we start proving Theorem 2.1 for the special case f§,= .- =
B, _1=0, f,=1 where the situation is more transparent. Observing that
Ay 2 (EN Ay (E)=ciM 5, (&) ¢, we obtain for the dual problem (using
Cauchy’s inequality)

. L . (c,d)?
inf ¢, M ;'(£) ¢, = inf sup ————
& o (g) & u'#lszZn(f)d

&

-1
=[sup inf d’Mzn(é)d]

E epd=1

1
:[ inf supd'M,, (&) d]

cpd=1 &

s (¢, d)*
o supe |1, (df, (x)) dé(x)
(c,d)?
=sup

d#0SUP et 11y !df,(—’c)‘z’

where the second line follows from the first one by standard arguments of
game theory (see, e.g., [13, p. 1317). This yields

infe, M, (&) e, =sup{(c,d)’] sup |df,(x)|*=1}

¢ xel —-11]

=sup{|m,(P,)|*| max ]lP,,(X)(Sl}

xe--1.1

and establishes the duality in Theorem 2.1 for the special case i, = --- =
B...=0, p,=1. The representation (2.5) now follows by discussing the
case of equality in Cauchy’s inequality in the first line.
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The general proof of Theorem 2.1 is in essence a generalization of a
duality result of Pukelsheim [11] and is discussed in the more general
situation of model robust designs in Dette [4]. For completeness and
according to a comment of a referee we give detailed proofs of the essential
steps for the situation considered in this paper. To treat both cases of
Theorem 2.1 in one proof we introduce the following notation. Let
go(x), .., g,(x) denote n+1 continuous linearly independent functions
defined on the interval [—~1,1], ¢,=(0,..,0,1) e R'*! and define for a
probability measure & on { -1, 1]

ALG)= o) Filx) deye RO D=, (A1)

where f,(x)=(go(x), ... £,(x)) denotes the vector containing the first / + 1
functions g, ..., g,- We are interested in the maximization problem

Sup{ﬂ (C}Af‘(é)cl)‘ﬁ’lfes}, (R*)
=0

where B, ..., B, are positive numbers with sum 1 and % is the set of all
probability measures defined on the interval [—1,1] such that
Ag(&), ..., A,(&) are nonsingular. Note that for the choices

gi(x)=x' (A.2)

and

gilx)=/1-xx' (A3)

(A.1) gives the matrices M,,(¢) and M,,, »,(&) defined by (2.1) and (2.2),
respectively. From the identity ¢;4[ '(&) ¢, =det(A4, (&))/det(4,(&)) it is
obvious that for (A.2) and (A.3) the problem (R*) is equivalent to the
problem (P*) and (Q¥*) (note that in the case (A.2) we define the product
over the indices /=1, ..., n and that we have written (R*) as a maximiza-
tion problem). For simplification of the notation we define j,(A4,) =
(ciA; 'c;) ' =det(4,)/det(A4,_,) (4, RUTD=U+D positive definite) and
Jag, - a,):=Tlj_o,al for positive numbers ay,..,a,. The function
appearing in the problem (R*) can then be written as j(j,(A,(&)), -
JnlA,(E))).

LEMMA A.l. The function jlag, .., a,)=11I_,a” is superadditive and
concave on R, x .- xR, (here R, denotes the set of positive real
numbers).
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Proof. Obviously, concavity is an immediate consequence of
superadditivity. For the proof of this property we use the well known
inequality (see [13, p. 190])

n XPL Y ax, V20,020, Y a=1 (A.4)

/=1 [=1
and obtain for positive numbers «g, .., a,, bg, ..., b,

n

j([)() + bOi Raadl an + bn) = n (al+ bl)ﬂ/

/=0

=[H af'+ 1] bi"]

x[,ﬁo(a,+b> il(an“b/)m} |

Z[fl al + ﬁ bﬁ”]

=0 =0

LZOﬁ/ @b, Z hi ,+b] |

= H al'+ n b= j(ay, .. @)+ j(bgs - by) B

/=0

In what follows let NND(k) and PD(k) denote the set of all nonnegative
and positive definite &k x &k matrices. Defining

A= {(BU, ., B,)| B;e NND(I+ 1), i B.Sx) B, fi(x)<l Vxe[—1, l]}
=0

we have the following result (note that the next and the following theorem
generalize the corresponding results in [11] where the special case n=0
and a more general “information” function j,(-) is considered).

THEOREM A.2. For every (€5 and for every N=(Ng, .., N,)EAN" we
have

JGo(Ae(E))s s Sl A (EM S TT (ciNe) 7 (A.5)
/=0
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with equality if and only if

A7 (&) eped]'(E)
(4R

N,= s [=0,.,.n

Proof. The proof given in [11] for the special case » =0 can be trans-
ferred to the situation considered in this paper. For completeness the main
steps are given here (see also [4] for more details). From the proof of
Theorem 3 in [11] we obtain

1N

tr{A (C)N/)/, YR (A.6)

with equality if and only if

A7 (E) N
C,’A,“(é)c, ’

A2 N2 = [=0,..,n (A7)

This implies for all N =(N,, .., N,}e 4" and £ € = (integrating the restric-
tion in the definition of the set 4" with respect to the measure d&(x))

n 1
12 3 B[ Sil0) Nofilx) detx)
/=0

M=

Bir(4)(E) N))

=0

it

N,
B( r 4 —1
=0 A (C)C/

M

/

H (eINe )" j(Jo(Aa(E))s s ju(Au(E))) (A.8)

and proves (A.5). Here we have used the inequalities (A.4) and (A.6) in the
last two steps. Equality in (A.5) implies ¢;N,c;=c;4, (&) ¢, (this follows
from the equality in (A.4) and (A.8)) and a postmultiplication of (A.7) by
N}Zc, yields A, (&) ¢;= Ny, (I=0, ..., n). Thus we obtain from (A.7)

_ A O ecid )
T4, () e

1=0,..,n

which completes the proof of Theorem A.2. |
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THEOREM A.3.

sup{j( Jo(Ao(E)). s Ju(A,(EINCEE]

= min {ﬂ (c)Nye)) " (Ngy oy N € 1} (A.9)

{=0

Proof. The proof follows essentially the steps of the proof (for the case
n=0 and a more general function j,(-)) given in [11]. Let .# denote the
set of all “matrices”

(Ag(E) s A, (EER' =T wo x ROFDROTD
defined by (A.1) (£ € Z) and define the functions

0 if A=(Ay, .. A)eM
o else (AeR ™! x ... x Ri#+ 1>+ D)

log j(j()(A())’ srey jn(An))
if A=(Ag, .., A,), A€ PD(I+ 1)
o(A4) = 0 !
— o0
else (AeR"™ " x ... x RIrTDxtna )y

f<A)={

It is straightforward to show that the mappings 4,— j(4,)=(c;4; '¢;) ™"
are concave (on PD({/+ 1)) and it [ollows from Lemma A.1 that the func-
tion g is concave on .#. Fenchel's Duality Theorem (see, e.g., {14, p. 3271)
provides a general duality result for the difference of a concave function g
and a convex function f and the difference of the corresponding conjugate
functions (note that the function fis only used for the definition of the set
.#). Here we need a slight modification of this result using the “weighted”
inner product

n

(A, B) =73 Bitr(A]B))
=0
(A=(Ags ., A,), B=(By,..,B)eR*'x ... xR"+D>*"+1) instead of
the common inner product. Thus we obtain from Fenchel's Duality
Theorem

sup {g(4)—f(4)} =m;ﬂ {/*(B)—- g*(B)}, (A.10)

where /* and g* are the corresponding conjugate functions of f and g (see
{13, p. 307 or [14]) defined by
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g*(B)=inf { Z Bite(A;B)— g(A)| A,e PD{I+ 1), I=0, .., n}
1=0

f*(B)=sup { Y Bitr(A;B)| (Ag, s An)EJ/{}.
=0

The functions f* and g* have the same value at B=(B,, .., B,) and
$[B+ B') and the minimization problem can be carried out over the set of
“vectors” whose components are symmetric matrices B, R/ ~/+1 For
such “vectors” B we have

g*(B)= inf{ Z B,[tr(4,B,) —log j,(A)] 4,€ PD(I+ 1), [=0, .., n}

1=0

=Y B, inf{tr(A4]B,)—log j(4,)|A,€ PD(I+ 1)}
=0

=1+ Z Blog(c;B,c,),

/=0

where we have used the identity (/=0, ..., m)
inf{tr(4,8,)—log j, (A} A,€ PD({+ 1)} =1 +log{c;B,¢))

in the last step, (which was proved by Pukelsheim in [11, p.346]). For
every B=(B,, .., B,)#0 (with symmetric components B,e R/*!">(+1
and g*(B)> —ou) we obtain from the definition of f* that f*(B) is
positive and that the function

h(x)= f*(aB)— g*(aB)=of *(B)~ 1 ~loga— ) f,log(c/Bc;)

=0

attains it unique minimum at x = {/f*(8). This minimum is given by

log f*(B) - Z B,log(c;Bc;) = Z log(¢;N,e) 7,
[=0 1=0
where N,= B,/f*(B) and the vector N = (N,, .., N,)e€.4" by the definition
of f* The assertion of Theorem A.3 now follows observing that the
minimization of the right side of (A.10) can be carried out over the set .4~
and that the left side corresponds to the left side in (A9). §

Proof of Theorem 2.1. We are proving the assertion for the extremal
problem (P); the other case is treated in the same way. Thus we have
E=3, g/ (x)=x', and A4,()=M,(E) ({=0,..,n). We assume that all
weights f, are positive; the case of a vanishing weight f, is obtained
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considering the corresponding optimization problems without the /th
component. Observing that (¢;=(0,..,0, 1Y eR*™ Y

N N S N I ’ 2
c;Ney=cieiciNeeie,= ciaaie, = (cjap),

where a,= (ay, ..., a;) € R'* ' is a vector such that q,aq; is a full rank decom-
position of ¢,c;N,c;c; it can easily be shown that the set .47 in (A.9) can
be replaced by

{(a.a;,..., ad) ae R, Y B,(a;./)(x))zsl}.

Identifying the vector a,e R’ "' as the vector of the coefficients of a polyno-
mial P,e P, we see that this set coincides with the set 2, defined in (1.1).
Thus the duality in (2.3} is a direct consequence of Theorem A.3 (note that
JAEN =(e; M, (&) ey ' =45(8)/45_2(¢) and that cja,=a,=m,(P)
where P,(x)=a;f)(x)). For the proof of the second part let £* and
(P, .., P,) denote the optimal solutions of (P¥*) and (P) (P,(x)=a, f,(x)).
Then we have equality in Theorem A.2 for {* and N,=a,a;. Thus the
second part of this theorem shows

oMy (E*) filx),  I=1, .,
Using this representation it follows from

| 1
L Pi(x) fi(x)dE*(x)=a; f ) l_/;(.wc)f;(x) dE¥(X) = a; My (E*)
+ ¢
T e/ M 5 ER) et

(©,..,0,1)
T(eM 5 (EF) )t

I

and

1 1
|| PHoderin =] (@) dgrx)=aiMa (e a, =1

that the polynomials {P,(x)};., are orthonormal with respect to the
measure dZ*(x). |
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APPENDIX B: Proor oF LEmMMA 3.3

We will show by induction that

F(lt’/2+a+k) (a, w) .)

P )= e S v e r O

_L(kfzw‘U(_ v Na+j) T'w+a+1+))
o Ha)T(j+1) I'w+a+1)

j=0

Ik — 2+ +u+/
Rl (B1)

For k=1 the identity (B.1}) is obvious while the case &k =2 yields

-~ 42 ‘
Pi(x)=2 (“ ; +a> x=Cle+ 22+ ax)

which is evident from the definition of the ultraspherical polynomials (see
Abramowitz and Stegun [1, p. 794]). For the induction step from & to
k + 1 it is convenient to distinguish the cases of odd or even & and we will
only consider the case of k=2m even (the case k=2m+ 1 is treated in
exactly the same way). From the induction hypotheses we obtain for
P, (x) (by an expansion of the determinant)

2m '
Pan ()= rz((wri(; )/+22+)/¢;2 )1;“?2;2: 11) ) [XG(;"" )
_ Cm—=1+a)2m+a+w) Gl “)z(V):l
(dm—2+2a+wi(dm+2a+w) "
2'"2“ (—1) ‘F(a+.j) IF'w+a+j+1)
=0 I'ayrgjj+ 1) r'w+a+1)
[%2—;——1———1—)1—) {(2m—j— D(w+ 2a+ 4m) xCL + D2+ (x)

—2m—1+a)2m+a+w) CH 34 (X))

Now let PY)(x) denote the above sum where the summation in the last
expression is only performed over the indices 0, 1, ..., f(f€ {0, 1,..,m—1},
e, P "(x)=P,,(x)) and similarly define F{)(x) as the “truncated”
sum of the polynomial defined on the right side of Eq. (B.1), that is,
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» / - a+j) Iw+a+j+1)

F(g’). — —1)/

w0= L Y R TG e Fwsat D
rem+1-j)

((w+2)"‘2+u+1’)(\,)

rem+1) ¥

(f€ {0, .., m}). Then we have the following lemma whose proof is given in
a paper of Dette [5].

Lemma B.1.  The polynomials FY!)(x) and PY)(x) satisfy the equation
(f=0,.,m—1)
Ma+f+1) Mw+a+2+f)
) I(f+1) Twratl)

I'(2m—1 _f) un-+2),wz+f+a)(\,)
I'C2m+1) m— -2 o

ﬁ(r}(x)_i:"(r’}(_\.):(_1)/'+l

2m 2m

Using Lemma B.1 we obtain now for the differences of the polynomials
appearing in (B.1)
IT'w2+a+2m+1) i
G4 (x)
I((w+2)2+a)(2m+1) -
I'a+m)
I'a) 'm+1)

ﬁZm (Y) - 22”’

= PG ) = Fy ) = (= 1)

2m

I'w+a+m+1) I'm+ 1)

Fw+a+1) I'2m+1)

which establishes (B.1) (in the case of even k = 2m). Because the odd case
is proved in the same way the assertion of Lemma 3.3 follows.
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